Abstract: We provide a systematic renormalization group formalism for the mass effects in the relation of the pole mass m pole Q and short-distance masses such as the MS mass m Q of a heavy quark Q, coming from virtual loop insertions of massive quarks lighter than Q. The formalism reflects the constraints from heavy quark symmetry and entails a combined matching and evolution procedure that allows to disentangle and successively integrate out the corrections coming from the lighter massive quarks and the momentum regions between them and to precisely control the large order asymptotic behavior. With the formalism we systematically sum logarithms of ratios of the lighter quark masses and m Q , relate the QCD corrections for different external heavy quarks to each other, predict the O(α 4 s ) virtual quark mass corrections in the pole-MS mass relation, calculate the pole mass differences for the top, bottom and charm quarks with a precision of around 20 MeV and analyze the decoupling of the lighter massive quark flavors at large orders. The summation of logarithms is most relevant for the top quark pole mass m pole t , where the hierarchy to the bottom and charm quarks is large. We determine the ambiguity of the pole mass for top, bottom and charm quarks in different scenarios with massive or massless bottom and charm quarks in a way consistent with heavy quark symmetry, and we find that it is 250 MeV. The ambiguity is larger than current projections for the precision of top quark mass measurements in the high-luminosity phase of the LHC.
Introduction
The masses of the heavy charm, bottom and top quarks belong to the most important input parameters in precise theoretical predictions of the Standard Model and models of new physics. Due to the effects of quantum chromodynamics (QCD) and because quarks are states with color charge, however, the mass of a heavy quark Q is not a physical observable and should, in general, be better thought of as a renormalized and schemedependent parameter of the theory. This concept is incorporated most cleanly in the so-called MS mass m Q (µ), which is defined through the same renormalization prescription as the MS QCD coupling α s (µ). It can be measured from experimental data very precisely, but does not have any kinematic meaning, and it can be thought of incorporating shortdistance information on the mass from scales larger than µ. On the other hand, the so-called pole mass m pole Q is defined as the single particle pole in correlation functions involving the massive quark Q as an external on-shell particle, and it determines the kinematic mass of the quark Q in the context of perturbation theory. It is therefore unavoidable that the pole mass scheme appears in one way or another in higher order QCD calculations involving external massive quarks. For perturbative predictions involving the production of top quarks at hadron colliders, the pole mass scheme is therefore the main top quark mass scheme used in the literature, and switching scheme is cumbersome since these computations are predominantly numerical where the pole scheme provides the most efficient approach for the computations. In Refs. [1] [2] [3] [4] [5] [6] [7] [8] where the terms show the series in powers of the strong coupling α s (m Q ) in the scheme that includes Q as a dynamical flavor. The fourth order coefficient displays the numerical uncertainties from [8] , which are, however, much smaller than other types of uncertainties considered in this paper. The pole mass renormalization scheme is infrared-safe and gauge-invariant [1, 11] , but suffers from large corrections in the QCD perturbation series. This is because the pole mass scheme involves subtractions of on-shell quark self energy corrections containing virtual gluon and massless quark fluctuations which are linearly sensitive to small momenta. The on-shell approximation of the self energy diagrams entails that this sensitivity increases strongly with the order. The effect this has for the form of the corrections can be seen in Eqs. (1.1)-(1.3), which in the asymptotic large order limit have the form 4) in the β 0 /LL approximation, which means that the terms in the QCD β-function, 5) beyond the leading logarithmic level (i.e. β n>0 ) are neglected. Here n is the number of massless quark flavors. The factorially diverging pattern of the perturbation series and the linear dependence on the renormalization scale µ of the strong coupling displayed in Eq. (1.4) are called the 1 We assume α (5) (MZ ) = 0.1180 for MZ = 91.187 GeV for the MS QCD coupling and account for 5-loop evolution [9] and flavor matching at the scales m c,b,t [10] , which gives α (6) s (mt) = 0.10847, α O(Λ QCD ) renormalon of the pole mass [12, 13] . The form of the series on the RHS of Eq. (1.4) implies that at asymptotic large orders, and up to terms suppressed by inverse powers of n, the series becomes independent of its intrinsic physical scale m Q . This and the n-factorial growth is an artifact of the pole mass scheme itself and not related to any physical effect. Technically this issue entails that for computing differences of series containing O(Λ QCD ) renormalon ambiguities using fixed-order perturbation theory one must consistently expand in powers of the strong coupling at the same renormalization scale such that the renormalon can properly cancel.
The O(Λ QCD ) renormalon problem of the pole mass has received substantial attention in the literature as it turned out to be not just an issue of pedagogical interest, but one that is relevant phenomenologically [14] . This is because for µ = m Q the known coefficients of the series in Eqs. (1.1)-(1.3) agree remarkably well with the corresponding large order asymptotic behavior already beyond the terms of O(α s ) (so that the terms of the series are known quite precisely to all orders) and because even for orders where the QCD corrections still decrease with order they can be very large numerically and make phenomenological applications difficult. The pole mass scheme has therefore been abandoned in high precision top, bottom and charm quark mass analyses in favor of quark mass schemes such as MS or low-scale short distance masses such as the kinetic mass [15] , the potential-subtracted (PS) mass [16] , the 1S mass [17] [18] [19] , the renormalon-subtracted (RS) mass [20] , the jet mass [21, 22] or the MSR mass [23, 24] . These mass schemes do not have an O(Λ QCD ) renormalon and are called short-distance masses. It is commonly agreed from many studies that it is possible to determine short-distance masses with theoretical uncertainties of a few 10 MeV [25, 26] , and we therefore neglect any principle ambiguity in their values in this paper.
Using the theory of asymptotic series one can show that the best possible approximation to the LHS of Eq. (1.4) is to truncate the series on the RHS at the minimal term at order n min which is approximately n min ≈ 2π/(β QCD , and there is a region in the orders n around n min of width ∆n ≈ (2π 2 /(β (n ) 0 α (n ) s (µ))) 1/2 in which all series terms have a size close to the minimal term. At orders above n min + ∆n/2 the series diverges quickly and the series terms from these orders are useless even if they are known through an elaborate loop calculation. The uncertainty with which the pole mass can be determined in principle given the full information about the perturbative series is called the pole mass ambiguity. It is universal, independent on the choice of the renormalization scale µ and exists in equivalent size in any context without the possibility to be circumvented. However, the µ-dependence of n min , ∆(n min ) and ∆n indicates that the way how the renormalon problem appears in practical applications based on perturbative QCD can differ substantially depending on the physical scale of the quantity under consideration and the corresponding choice of the renormalization scale µ. Using the method of Borel resummation the pole mass ambiguity can be estimated to be of order Λ (n ) QCD , where the superscript (n ) stands for the dependence of the hadronization scale on the number of massless quark flavors. The norm of the ambiguity, which we call N (n ) 1/2 in this paper, and the resulting pattern of the large order asymptotic behavior of the series can be determined very precisely and have been studied in many analyses (see e.g. the recent work of Refs. [24, [27] [28] [29] ). However, when quoting a concrete numerical size of the ambiguity, criteria common for converging series cannot be applied, and it is instrumental to consider more global aspects of the series and the quantity it describes. An essential aspect of the low-energy quantum corrections in heavy quark masses is heavy quark symmetry (HQS) [30] on which we put particular focus in this work.
An issue that has received less attention in the literature so far is how the masses of the lighter massive quarks affect the large order asymptotic behavior of the pole-MS mass relation, where we refer to the effects of quarks with masses that are larger than Λ QCD . These corrections come from insertions of virtual quark loops and are known up to O(α 3 s ) [2, 31] from explicit loop calculations. It is known that the masses of lighter massive quarks provide an infrared cutoff and effectively reduce the number n of massless flavors governing the large order asymptotic behavior [32] . Due to the n -dependence of the QCD β-function the finite bottom and charm quark masses lead to an increased infrared sensitivity of the top quark pole mass and a stronger divergence pattern of the series, as can be seen from Eq. (1.4). The ambiguity therefore inflates following the ndependent increase of Λ QCD . In Refs. [33, 34] it was pointed out that the O(α 2 s ) and O(α 3 s ) virtual quark mass corrections are already dominated by the infrared behavior related to the O(Λ QCD ) renormalon. In Ref. [27] it was further observed that the O(α 3 s ) charm mass corrections in the bottom pole-MS mass relation can be rendered small when the series is expressed in terms of α (n =3) s rather than α (n =4) s , i.e. the charm quark effectively decouples. A systematic and precise understanding of the intrinsic structure of the lighter massive quark effects from the point of view of disentangling the different momentum modes and their interplay has, however, not been provided so far in the literature. The task is complicated since apart from being a problem in connection with the behavior of perturbation theory at large orders, it also represents a multi-scale problem with scales given by the quark masses as well as Λ QCD and where, for the top quark, logarithms of mass ratios can be large.
It is the main purpose of this paper to present a formalism that can do exactly that. It is based on the concept of the renormalization group (RG) and allows to successively integrate out momentum modes from the pole-MS mass relation of a heavy quark Q in order to disentangle the contributions coming from the lighter massive quarks and to systematically sum logarithms of the mass ratios. The approach allows to quantify and formulate precisely the effects the masses of the lighter massive quarks have on the pole-MS mass relation and therefore on the pole mass itself and may find interesting applications in other contexts. As the essential new feature the RG formalism entails linear scaling with the renormalization scale. The common logarithmic scaling, as known for the strong coupling, cannot capture the linear momentum dependence of QCD corrections to the heavy quark mass for scales below m Q . The formalism is in particular useful since it fully accounts for all aspects of HQS. It can be used to concretely formulate and study in a transparent way two important properties of the heavy quark pole masses following from HQS: (1) The pole mass ambiguity is independent of the mass of the heavy quark and (2) the ambiguities of all heavy quarks are equal up to power corrections of order Λ 2 QCD /m Q . The essential technical tool to set up the formalism is the MSR mass m MSR Q (R) [23, 24] . Like the perturbative series for the pole-MS mass relation, the pole-MSR mass relation is calculated from on-shell heavy quark self energy diagrams, but has also linear dependence on R. It is the basis of the RG formalism we propose, allows to precisely capture the QCD corrections from the different quark mass scales and, in particular, to encode and study issue (1) coming from HQS. The renormalization group evolution in the scale R is described by R-evolution [23, 24] , which is free of the O(Λ QCD ) renormalon, and allows to sum large logarithms of ratios of the quark masses in the evolution between the quark mass scales. Using the concepts of the MSR mass and the R-evolution it is then possible to relate the pole-MS masses of the top, bottom and charm quarks to each other. This allows to systematically encode and study issue (2) coming from HQS, and to interpret the small effects of HQS breaking as matching corrections in a renormalization group flow that connects the QCD correction of the top, bottom and charm quarks. The resulting formula can be used to specify the heavy quark pole mass ambiguity in the context of lighter massive quarks and to derive a generalized expression for the large order asymptotic behavior accounting accurately for the light massive flavor dependence. Concerning the accuracy of our description of the virtual quark loop mass effects in the large order asymptotic behavior we reach a precision of a few MeV, which applies equally for top, bottom and charm quarks.
The second main purpose of this paper is to use the RG formalism to specify concretely the ambiguity of the top quark pole mass and also the pole mass of the bottom and charm quarks assuming that their MS masses are given. We in particular address the question how the outcome depends on different scenarios for treating the bottom and charm quarks as massive or massless, and we explicitly take into account the consistency requirements of HQS. The aim is to provide a concrete numerical specification of the ambiguity of the top quark pole mass beyond the qualitative statement that the ambiguity is "of order Λ (n ) QCD " and to make a concrete statement up to which principle precision the top quark pole mass may still be used as a meaningful phenomenological parameter. We stress that in this context we adopt the view that the pole masses have well-defined and unique meaning, so that the pole mass ambiguity acquires the meaning of an intrinsic numerical uncertainty. This differs from the view sometimes used in high-precision analyses, where the pole mass is employed as an intrinsic order-dependent parameter to effectively parameterize the use of a short-distance mass scheme.
Apart from specifying the ambiguity of the pole masses we are also interested in studying the dependence of their value on the different scenarios for treating the bottom and charm quarks as massive or massless. The issue is of particular interest for the top quark pole mass which is still widely used for theoretical predictions and phenomenological studies in top quark physics. The top quark pole mass is, due to its linear sensitivity to small momenta, also linearly sensitive to the masses of the lighter massive quarks. Since many short-distance observables used for top quark pole mass determinations are at most quadratically sensitive to small momenta, the dominant effects of the bottom and charm masses may well come from the top quark pole definition itself. A large dependence of the top quark pole mass value on whether the bottom and charm quarks are treated as massive or massless would therefore affect the ambiguity estimate if one considers the top quark pole mass as a globally defined mass scheme (valid for any scenario for the bottom and charm quark masses). We can address this question precisely because the RG-formalism we use allows for very accurate numerical calculations of the lighter quark mass effects. Within the size of the ambiguity, we do not find any such dependence. The outcome of our analysis is that the top quark pole mass ambiguity, and the ambiguity of the bottom and charm quark pole masses, is around 250 MeV.
Prior to this work the best estimate and the ambiguity of the top quark pole mass were studied in Ref. [28] . They analyzed the top quark pole-MS mass series of Eq. (1.1) for µ = m t and massless bottom and charm quarks and in an extended analysis also for massive bottom and charm quarks. They argued that the ambiguity of the top, bottom and charm quark pole masses amounts to 110 MeV. We believe that their ambiguity estimate of 110 MeV is too optimistic, and we explain this in detail from the requirements of HQS. They also quantified the bottom and charm mass effects coming from beyond the known corrections at O(α 2 s ) and O(α 3 s ) by using a heuristic prescription based on an orderdependent reduction of the flavor number. This does not represent a systematic calculation, but we find it to be an adequate approximation for the task of estimating the top quark pole mass renormalon ambiguity.
The paper is organized as follows: In Sec. 2 we review the explicitly calculated corrections up to O(α 4 s ) for the pole-MS and the pole-MSR mass relations for the case that all quarks lighter than quark Q are massless and we explain our notation for parameterizing the virtual quark mass corrections due to the light massive quarks. This notation is essential for our setup of the flavor number dependent RG evolution of the MSR mass, which we also review to the extend needed for our studies in the subsequent sections. We also review known basic issues about the large order asymptotic behavior and the renormalon ambiguity of the pole-MS and the pole-MSR mass relations, including their dependence on the number of massless quarks. In Sec. 3 we explain details about the matching procedures that allow to integrate out the virtual corrections coming from the heavy quark Q and the lighter massive quarks, and to relate the pole-MSR mass relation of quark Q to the pole-MS mass relation of the next lighter massive quark, which is based on heavy quark symmetry. These considerations and the numerical analysis of the latter matching corrections allow us to derive a prediction for the yet uncalculated O(α 4 s ) virtual quark mass corrections and to discuss the large order asymptotic form of the virtual quark mass corrections. As an application of the RG formalism devised in our work we compute the difference of the pole masses of the top, bottom and charm quarks. Since their differences are short-distance quantities we can compute them with a precision of around 20 MeV. We also analyze the validity of the effective flavor decoupling at large orders in the context of the top quark pole mass. In Sec. 4 we finally discuss in detail the best possible estimate of the top quark pole mass and in particular its ambiguity in the context of three different scenarios for the bottom and charm quark masses. We discuss these three scenarios separately because the pole mass concept, strictly speaking, depends on the setup for the lighter quark masses, and we also discuss our results in the context of adopting the view that the top quark pole mass is a general concept. Finally, in Sec. 5 we conclude. In App. A we provide explicit results for the virtual quark mass corrections at O(α 3 s ) in our notation, using the results from Ref. [31] , and we complete them concerning the corrections coming from the insertion of two quark loops involving quarks with two arbitrary masses.
Preliminaries and Notation

MS Mass
The perturbative series of the difference between the MS mass m Q (µ) at the scale µ = m Q (m Q ) and the pole mass m pole Q of a heavy quark Q is the basic relation from which we start our analysis of the renormalon ambiguity of the pole mass. To be more specific we consider
which is the MS mass defined for (n Q + 1) active dynamical flavors, where
In this work we use these two definitions for all massive quarks, and depending on the context we also use the lower case letter q for massive quarks. We also define n ≡ number of flavors lighter than Λ QCD , (2.3)
which we strictly treat in the massless approximation. Assuming that q 1 , . . . , q n are the massive quarks lighter than Q in the order of decreasing mass (i.e. m Q > m q 1 > . . . > m qn > Λ QCD with n < n Q and n = n Q − n), the pole-MS mass relation for the heavy quark Q can be written in the form The coefficients a n (n Q , n h ) encode the QCD corrections to m pole Q −m Q for the case that the n Q quarks lighter than Q are assumed to be massless, and n h = 1 is just an identifier for the corrections coming from virtual loops of the quark Q. The coefficients a 1,2,3 are known analytically from Refs. [1] [2] [3] [4] [5] [6] , and a 4 was determined numerically in Refs. [7, 8] , where the quoted numerical uncertainties have been taken from Ref. [8] . In Ref. [35] an approach was suggested to further reduce the uncertainties of the n Q -dependent terms. The numerical uncertainties of the coefficient a 4 are, however, tiny and irrelevant for the analysis carried out in this work. We quote them just for completeness throughout this work.
The terms δ (q,q ,... ) Q (r qQ , r q Q , . . . ) contain the mass corrections coming from the quark Q on-shell self-energy Feynman diagrams with insertions of virtual massive quark loops. We remind the reader that the quarks with mass below the hadronization scale are taken as massless and do not contribute. The superscript (q, q , . . . ) indicates that each diagram contains at least one insertion of the massive quark q and in addition all possible insertions of the (lighter) massive quarks q , . . . as well as of massless quark and gluonic loops. From each diagram the corresponding diagram with all the quark loops in the massless limit is subtracted in the scheme compatible with the flavor number scheme for the strong coupling α s . The fraction 6) stands for the ratio of MS masses for massive quarks q and q as defined in Eq. (2.1).
In the pole-MS mass relation for the heavy quark Q only mass ratios with respect to the heavy quark mass m Q arise. By construction, the sum of all virtual quark mass corrections contained in the functions δ (q,q ,... ) Q (r qQ , r q Q , . . . ) are RG-invariant and do not contain effects from quarks heavier than the external quark Q. The effects on the mass of the quark Q related to quarks heavier than Q are accounted for in the renormalization group evolution of the MS mass m Q (µ) for scales µ > m Q and are not considered here. The virtual quark mass corrections satisfy the following two relations to all orders of perturbation theory 
Q (r qnQ ) .
In the limit that all quarks lighter than Q are massless, all δ terms cancel or vanish in Eq. (2.9), and only the first line involving the a n coefficients remains. The perturbative expansion of the virtual quark mass corrections in the pole-MS mass relation of Eq. (2.4) and (2.9) can be written in the form
which together with Eq. (2.8) implies that
The O(α 2 s ) correction comes from the on-shell self energy diagram of quark Q with the insertion of a loop of the massive quark q. The result was determined analytically in Ref. [2] . At O(α 3 s ), in Ref. [31] , the virtual quark mass corrections were determined in a semi-analytic form for arbitrary quark masses for insertions of loops of the quark Q and one other massive quark q. The expressions for these virtual quark mass corrections are for convenience collected in App. A after adapting the results of Ref. [31] to our notation. We also provide the O(α 3 s ) result for insertions of loops with two arbitrary massive quarks, which were not given in Ref. [31] . The O(α 4 s ) virtual quark mass corrections have not been determined through an explicit loop calculation.
One can interpret the MS mass m Q = m
) as the pole mass minus all self-energy corrections coming from scales at and below m Q . So m Q only contains mass contributions from momentum fluctuations from above m Q , which illustrates that it is a short-distance mass that is strictly insensitive to issues related to low momentum fluctuations at the hadronization scale Λ QCD . See Fig. 1 for illustration.
MSR Mass and R-Evolution
In order to integrate out high momentum contributions and formulate the renormalization group flow of momentum contributions in the heavy quark masses we use the MSR mass m MSR Q (R) introduced in Ref. [24] 2 , extending its definition to account for the mass effects of the lighter massive quarks.
The MSR mass for the heavy quark Q is derived from on-shell self-energy diagrams just like the pole-MS mass relation of Eq. (2.4), but it does not include any diagrams involving virtual loops of the heavy quark Q, i.e. the contributions from heavy quark Q virtual loops are integrated out. Like the MS mass, the MSR mass is a short-distance mass, and since the corrections from the heavy quark Q are short-distance effects, its relation to the pole mass fully contains the pole mass O(Λ QCD ) renormalon (just as the pole-MS mass relation of Eqs. (2.4) and (2.9)). Furthermore the MSR mass depends on the arbitrary scale R m Q to describe contributions in the mass from the momenta below the scale m Q , and therefore represents the natural extension of the concept of the MS mass for scales below m Q . Assuming that q 1 , . . . , q n are the massive quarks lighter than Q in the order of decreasing mass (i.e. m Q > m q 1 > . . . > m qn > Λ QCD with n < n Q and n = n Q − n), the MSR mass m MSR Q (R) is defined by the relation 12) where the coefficients a n are given in Eqs. (2.5) and the perturbative expansion is in powers of the strong coupling in the n Q -flavor scheme since the quark Q is integrated out. The R-dependence of the strong coupling entails that the scale R has to be chosen sufficiently larger than Λ QCD to stay away from the Landau pole. The definition generalizes the one already provided in Ref. [24] , which only considered n Q massless quarks. The notation used for the virtual quark mass corrections involving the functions δ (q,q ,... ) Q (r qQ , r q Q , . . . ) is the same as the one for the MS mass described above, and their sum is by construction RG-invariant. Their perturbative expansion has the form 13) where the coefficient functions δ
(r qQ , r q Q , . . . ) are identical to the ones appearing in Eq. (2.10).
In our definition of the MSR mass, the virtual quark mass corrections are independent of R. This entails that the renormalization group evolution of the MSR mass in R does not depend on the masses of the n Q lighter quarks. So m MSR Q (R) is defined in close analogy to the µ-dependent MS strong coupling and the MS masses, whose renormalization group evolution only depends on the number of active dynamical quarks (which is typically the number of quarks lighter than µ) and where mass effects are implemented by threshold corrections when µ crosses a flavor threshold. Moreover, because the O(Λ QCD ) renormalon ambiguity of the series proportional to R is independent of R and because the corrections from the virtual loops of the heavy quark Q are short-distance effects, the series of the pole-MSR mass relation in Eq. (2.12) suffers from the same O(Λ QCD ) renormalon ambiguity as the pole-MS mass relation of Eqs. (2.4) and (2.9). It can therefore also be used to study and quantify the O(Λ QCD ) renormalon of the pole mass m pole Q . As explained below Eq. (1.4), in order to expand the difference of MSR masses at two scales R and R in the fixed-order expansion in powers of α
it is necessary to do that at a common renormalization scale µ so that the renormalon in the R-dependent corrections of Eq. (2.12) cancels order by order. This unavoidably leads to large logarithms if the scale separation is large, similarly to when considering the fixed-order expansion of the difference of the strong coupling at widely separated scales. To sum the logarithms in the difference of MSR masses we use its RG-evolution equation in R, which reads
where the coefficients are known up to four loops and given by [23, 24] 
The difference of MSR masses at two scales R and R can then be computed from solving the evolution equation
which accounts for the RG-evolution in the presence of n Q active dynamical quark flavors.
The RG-equation of the MSR mass has a linear as well as logarithmic dependence on R and thus differs from the usual logarithmic RG-equations for α s and the MS mass. Since its linear dependence on R allows to systematically probe linear sensitivity to small momenta it can be used to systematically study the O(Λ QCD ) renormalon behavior of Figure 2 . Graphical illustration for pole-MS mass differences, the MSR-MS mass matching corrections and MSR mass differences for different R scales. They constitute the major contributions in the RG analysis of the heavy quark pole masses.
perturbative series [23, 24] . Since this is impossible for usual logarithmic RG-evolution equations, Eq. (2.14) was called the R-evolution equation in Refs. [23, 24] . Continuing on the thoughts made at the end of Sec. 2.1 we note that one can interpret the MSR mass m MSR Q (R) as the pole mass minus all self-energy contributions coming from scales below R and all virtual quark mass corrections from quarks lighter than Q, see Fig. 1 . This also illustrates that the MSR mass m MSR Q (R) is a short-distance mass. The negative overall sign on the RHS of Eq. (2.14) expresses that self-energy contributions are added to the MSR mass when R is evolved to smaller scales, and that ∆m (n Q ) (R, R ) for R > R is positive and represents the self-energy contributions to the mass in the presence of n Q active dynamical flavors coming from the scales between R and R. This is illustrated in Fig. 2 .
In the context of the analyses in this work the essential property is that the O(Λ QCD ) renormalon ambiguity in the series on the RHS of Eq. (2.12) is R-independent. This entails that the R-evolution equation is free of the O(Λ QCD ) renormalon, and solving the R-evolution equation in Eq. (2.16) allows to relate MSR masses at different scales in a way that is renormalon free and, in addition, systematically sums logarithms ln(R/R ) to all orders in a way free of the O(Λ QCD ) renormalon. So the R-evolution equation resolves the problem of the large logarithms that arise when computing MSR mass differences in the fixed-order expansion. The integral of Eq. (2.16) can be readily computed numerically, and an analytic solution has been discussed in detail in [24] . The analytic solution also allows to derive the large-order asymptotic form of the perturbative coefficients a n . To implement renormalization scale variation in Eq. (2.16) one expands α
, and by varying λ in some interval around unity. We note that in our analysis we consider the top, bottom and charm mass scales, and using the R-evolution equation is instrumental for our discussion of the top quark pole mass.
In Tab in our examinations below for n Q = 3, 4, 5. We display the results obtained from using the R-evolution equation at O(α n s ) for n = 1, 2, 3, 4. The uncertainties are from λ variations in the interval [0. 5, 2] for the cases where scales above the charm mass scale 1.3 GeV are considered, and in the interval [0.6, 2.5] for cases which involve the charm mass scale. We see an excellent convergence and stability of the results and a significant reduction of scale variation with the order, illustrating that the mass differences ∆m (n Q ) (R, R ) are free of an O(Λ QCD ) renormalon ambiguity. For our analyses below we use the most precise O(α 4 s ) results shown in the respective lowest lines.
Asymptotic High Order Behavior and Borel Transform for Massless Lighter Quarks
In this section we review a number of known results relevant for the analyses in the subsequent parts of the paper. The results are already known since Refs. [12] [13] [14] . We adapt them according to our notation and present updated numerical results accounting for the recent perturbative calculations of the pole-MS mass relation and the QCD β-function.
The Borel transform of an α s power series
is defined as
where β 0 is the one-loop β-function coefficient in the flavor number scheme of α s . For the approximation that all quarks lighter than the heavy quark Q are massless (i.e. n = n Q ) the Borel transform of the series for the pole-MSR mass reads
where the non-analytic (and singular) terms multiplied by the normalization factor
single out the O(Λ QCD ) renormalon behavior of the pole-MSR mass series and the ellipses stand for contributions not affected by an O(Λ QCD ) renormalon. Their form is unambiguously determined by the coefficients β (n ) n of the QCD β-function in Eq. (1.5), and the sum over k parametrizes the subleading effects due to the higher order coefficients of the QCD β-function. The coefficients g (n ) k can be determined from the recursion formulae [24] 
(2.20)
, where we dropped the superscript (n ) for simplicity. Currently, coefficients g (n ) k are known up to k = 3. The factor N (n ) 1/2 precisely quantifies the overall normalization of the O(Λ QCD ) renormalon behavior and can be determined quite precisely from the coefficients a n (n , 0) known from explicit computations. Accounting for the coefficients up to O(α 4 s ) the normalization was determined with very small errors for the relevant flavor numbers n = 3, 4, 5 in Refs. [24, 27, 28] , all of which are in agreement. We use the results from Ref. [24] :
The uncertainties are not essential for the outcome of our analysis and quoted for completeness. Their small size reflects that the large-order asymptotic behavior of the series is known very precisely.
The inverse Borel transform
has the same α s power series as the original series f (α s (R)) and provides the exact result if it can be calculated unambiguously from the Borel transform B[f ](u). However, for the case of Eq. (2.19), due to the singularity at u = 1/2 and the cut along the positive real axis for u > 1/2, the integral cannot be computed without further prescription and an ambiguity remains. Using an i prescription (1 − 2u) α → (1 − 2u − i ) α to shift the cut to the lower complex half plane, the resulting imaginary part of the integral is 23) and represents a quantification of the ambiguity of the pole mass, where Λ
QCD is given by the expression (
In this work we use this expression as the definition of Λ QCD for n massless flavors. The RHS is R-independent, and truncating at k = 4 provides the results QCD increases for smaller flavor numbers n since the scale-dependence of α s , and thus also the infrared sensitivity of QCD quantities, increases with n . The expressions for ∆m QCD . From the expression for the Borel transform given in Eq. (2.19) one can derive the large order asymptotic form of the perturbative coefficients a n of the pole-MSR mass series (which describe the case that all quarks lighter than Q are massless, i.e. n Q = n ): where the value of n h is insignificant because the virtual effects of quark Q do not affect the large order asymptotic behavior. The sum in k is convergent, and truncating at k = 3 one can use the results for n > 4 as an approximation for the yet uncalculated series coefficients. The results up to n = 12 for n = 3, 4, 5 using the values for the
With the normalization factors N (n ) 1/2 , which are known to a precision of a few percent and which also entails the same precision for ∆m (n ) Borel and the asymptotic coefficients a asy n , the series for the pole-MSR and also for the pole-MS mass relation are essentially known to all orders for the case of n = n Q . The task to determine the ambiguity of the pole mass involves to specify how this precisely known pattern limits the principle capability to determine the pole mass numerically, see the discussion in Sec. 4.1. In other words, the ambiguity of the pole mass is known to be proportional to ∆m
QCD , but the factor of proportionality has to be determined from an additional dedicated analysis.
Integrating Out Hard Modes from the Heavy Quark Pole Mass
MSR-MS Mass Matching
Using the MSR mass we can successively separate off, i.e. integrate out, hard momentum contributions from the pole-MS mass difference, m pole Q − m Q . We start with the matching relation between the MSR and the MS masses at the common scale µ = R = m Q , which can be obtained by eliminating the pole mass from Eqs. (2.9) and (2.12). The matching relation accounts for the virtual top quark loop contributions and can be written in the form m The term ∆m
(m Q ) contains the virtual top quark loop contributions in the approximation that all n Q quarks lighter than quark Q are massless and has the form [24] ∆m
where we expressed the series in powers of the strong coupling in the (n Q +1) flavor scheme. The series only contains the hard corrections coming from the virtual heavy quark Q and therefore does not have any O(Λ QCD ) ambiguity, see The term δm
(m Q ) represents the virtual top quark loop contributions arising from the finite masses of the lighter massive quarks q 1 , . . . , q n . Since at O(α 2 s ) only the loop of quark Q can be inserted, the series for δm
, where only self energy diagrams with one insertion of a loop of quark Q and one insertion of a loop of one of the lighter massive quarks q 1 , . . . , q n can contribute. At O(α 3 s ) δm
has the form
where r qQ = m q /m Q , and for simplicity we suppress the masses of the quarks q 1 , . . . , q n in the argument of δm
. Starting at O(α 4 s ) the finite quark mass corrections in δm
(m Q ) become also dependent on the flavor threshold corrections relating
3) we have also displayed the first terms of the expansions in the mass ratios r q i Q . They start quadratically in the r q i Q indicating that the corrections are governed by the scale m Q just like the matching term ∆m
and do not have any linear sensitivity to small momenta and the lighter quark masses, in particular. This feature is realized at any order of perturbation theory.
Because the finite mass corrections δm
and are quadratic in the mass ratios r q i Q they are extremely small and never exceed 0.01 MeV for the top quark (due to the finite bottom or charm masses) and the bottom quark (due to the finite charm mass). We can expect that this is also exhibited at higher orders, so that δm
(m Q ) can be neglected for all practical purposes and will not be considered and discussed any further in this work.
Top-Bottom and Bottom-Charm Mass Matching
Comparing the pole-MSR mass relation (2.12) for the heavy quark Q to the pole-MS mass relation (2.4) for the next lighter massive quark q, one immediately notices that for R = m q the corrections are identical in the approximation that in the virtual quark loops all n Q lighter quarks (i.e. including the quark q) are treated as massless. This identity is a consequence of heavy quark symmetry which states that the low-energy QCD corrections to the heavy quark masses coming from massless partons are flavor-independent.
For the top MSR and the bottom MS masses (i.e. for Q = t and q = b) the resulting matching relation reads
where δm
(m b , m c ) encodes the heavy quark symmetry breaking corrections coming from the finite virtual charm and bottom quark masses. Their form can be extracted directly from Eqs. (2.4) and (2.12) and written in the form (r= m q /m q )
where the first term on the RHS (multiplied by m t ) represents the virtual bottom and charm mass effects from the top quark self energy and the second term (multiplied by m b ) represents the virtual bottom and charm mass effects from the bottom quark self energy. Their explicit form up to O(α 3 s ) reads
s (µ) 4π 
It is important that the quark mass corrections in (3.5) are expressed coherently in powers of α s at the common scale µ because the individual δ n terms carry contributions that modify the infrared sensitivity and therefore each contain O(Λ QCD ) renormalon ambiguities. In Eq. (3.4) these renormalon ambiguities mutually cancel. We also note that δm with δm 9) where the first term on the RHS (multiplied by m b ) represents the virtual charm mass effects from the bottom quark self energy and the second term (multiplied by m c ) represent the virtual charm mass effects from the charm quark self energy. Their explicit form up to O(α 3 s ) reads 
where again we expanded both terms consistently for a common renormalization scale µ in the strong coupling. In Fig. 3(a) the top-MSR bottom-MS mass matching correction δm In Fig. 3 (c) the bottom-MSR charm-MS mass matching correction δm Given that the heavy quark symmetry breaking matching corrections δm (m c ) amount to only 4 to 6 MeV, we note that they may be simply neglected in practical applications where they yield contributions that are much smaller than other sources of uncertainties. In fact, this also applies to our subsequent studies of the top, bottom and charm quark pole masses. However, we include them here for completeness. Due to their small size, we have not explicitly included the heavy quark symmetry breaking matching corrections in the graphical illustration of Fig. 2 . (m c ) discussed in the previous section illustrates that they both are short-distance quantities and free of an O(Λ QCD ) renormalon ambiguity. This is also expected theoretically due to heavy quark symmetry. However, the facts that the overall size of the matching corrections only amounts to a few MeV, and that the O(α 3 s ) corrections are only around 1 MeV allows us to draw interesting conceptual implications for the large order asymptotic behavior of the virtual quark mass corrections in the mass relations of Eqs. (2.4), (2.9) and (2.12). We discuss these implications in the following. As a consequence we can predict the yet uncalculated virtual quark mass corrections at O(α 4 s ) to within a few percent without an additional loop calculation and draw important conclusions on their properties for the orders beyond.
To be concrete, we consider the matching correction δm
(m q ) between the MSR mass of heavy quark Q and the MS mass of the next lighter massive quark q assuming the massless approximation for all quarks lighter than quark q i.e. n Q = n q + 1 = n + 1 and n = n q being the number of massless quarks. This situation applies to the matching relation for the top-MSR and the bottom MS masses for a massless charm quark or to the matching relation between the bottom-MSR and the charm-MS masses.
In Fig. 3(a) we have displayed separately the virtual bottom and charm mass effects to the top quark self energy of Eq. (3.6) (green curves) and the virtual bottom and charm mass effects to the bottom quark self energy of Eq. (3.7) (blue lines) at O(α 2 s ) (dashed) and O(α 3 s ) (solid). In Fig. 3 (b) the charm quark is treated as massless in the same quantities. In Fig. 3(c) the virtual charm mass effects to the bottom quark self energy of Eq. (3.10) and the virtual charm mass effects to the charm quark self energy of Eq. (3.11) are shown at O(α 2 s ) and O(α 3 s ) with the analogous line styles and colors. We see that both types of contributions each are quite large and furthermore do not at all converge. The O(α 3 s ) corrections are even bigger than the O(α 2 s ) corrections, which indicates that the corresponding asymptotic large order behavior already dominates the O(α 2 s ) and O(α 3 s ) corrections. The origin of this behavior has been already mentioned and is understood: The mass of the virtual quark q acts as an infrared cutoff and therefore modifies the infrared sensitivity of the self energy diagrams (of quark Q and of quark q) with respect to the case where the virtual loops of quark q are evaluated in the massless approximation. As a consequence these corrections individually carry an O(Λ QCD ) renormalon ambiguity. Moreover, at large orders in perturbation theory the sensitivity of the self energy diagrams to infrared momenta increases due to high powers of logarithms from gluonic and massless quark loops. As a consequence, at large orders, the finite mass effects of the virtual loops of quark q in the self energy diagrams of quark Q and the self energy diagrams of quark q become equivalent due to heavy quark symmetry. The strong cancellation in the sum of both types of corrections in δm 
The prediction has a residual µ-dependence, which would vanish in the formal limit that the virtual quark q mass corrections are entirely dominated by their large order asymptotic behavior. Therefore the dependence on the scale µ can be used as an uncertainty estimate of our approximation. In Fig. 4(a) we show the prediction for δ (q) Q,4 (r qQ ) for m q ≤ µ ≤ m Q (green bands) for n Q = n q + 1 = n + 1 = 5 (lower band) and n Q = n q + 1 = n + 1 = 4 (upper band). The prediction satisfies exactly the required boundary condition δ (q) Q,4 (0) = 0 and Eq. (2.11) for r qQ = 1 and provides an interpolation for 0 < r qQ < 1 with an uncertainty of ±3% (for r qQ 0.1) or smaller (for r qQ > 0.1). To judge the quality of the prediction we apply the same method at O(α 3 s ) to "predict" δ (q) Q,3 (r qQ ) which gives
The result for the prediction of δ (q) Q,3 (r qQ ) is shown in Fig. 4(b) for n Q = n q +1 = n +1 = 5. The green band illustrates again the range of predictions for µ-variations m q ≤ µ ≤ m Q , and represents an uncertainty of ±10% (for r qQ 0.1) or smaller (for r qQ > 0.1). Compared to the O(α 4 s ) result, the larger µ variation we observe at O(α 3 s ) is expected because the infrared sensitivity is weaker and the large order asymptotic behavior is less dominating at the lower order. The red curve is the exact result for δ (q) Q,3 (r qQ ) obtained from the results in Ref. [31] , see also Eq. (A.4). We see that the prediction is fully compatible with the exact result and that the uncertainty estimate based on the µ-variation is reliable. The prediction for δ (q) Q,3 (r qQ ) for n Q = n q +1 = n +1 = 4 has the same good properties but is not displayed since it is numerically very close to the prediction for n Q = n q + 1 = n + 1 = 5.
Overall, the examination shows that the prediction and the uncertainty estimate for δ (q) Q,4 (r qQ ) can be considered reliable. We can also provide a very simple closed analytic expression by evaluating Eq. The expression depends via the boundary condition of Eq. (2.11) entirely on the coefficients a n (n q , n h ) of Eq. (2.5), which for this case describe the corrections to the heavy quark q self energy for the case that all lighter quarks are massless, and the coefficients of the β-function. The expression is shown as the black dashed lines in Fig. 4 (a) for n Q = n +1 = 5 (lower line) and n Q = n + 1 = 4 (upper line). This approximation for δ (q) Q,4 (r qQ ) has a simple overall linear behavior on the mass ratio r qQ = m q /m Q . The behavior is just a manifestation of δ (q) Q,4 (r qQ ) being dominated by the large order asymptotic behavior due to its O(Λ QCD ) renormalon ambiguity which is related to linear sensitivity to small scales. The overall linear dependence of δ (q) Q,4 (r qQ ) on m q arises since the mass of quark q represents an infrared cut and thus represents the characteristic physical scale that governs δ (q) Q,4 (r qQ ). This also explains the origin of the logarithms shown in Eq. (3.14): They arise because all virtual quark mass corrections in Eqs. (2.4), (2.9) and (2.12) are defined in an expansion in α s (m Q ). We note that for the O(α 3 s ) virtual massive quark correction δ (q) Q,3 (r qQ ) these aspects were already discussed in Ref. [34] and later in Ref. [27] , where a direct comparison to the explicit calculations from Ref. [31] could be carried out. These analyses were, however, using generic considerations and were not carried out within a systematic RG framework.
The expression of Eq. (3.14) is a special case of the general statement that the asymptotic large order behavior of the coefficients δ (q) Q,n (r qQ ) can be obtained from the relation
where on the RHS of the approximate equality α q,n (1) for n > 4 can be obtained from using Eqs. (2.10) and (2.11) together with the large order asymptotic form of the coefficients a n shown in Eq. (2.26), giving
where we would like to remind the reader that for the case we consider here we have n Q = n q + 1 = n + 1. Our examination at O(α 3 s ) and O(α 4 s ) above showed that this relation provides an approximation for δ (q) Q,4 within a few percent. For the higher-order terms δ (q) Q,n with n > 4 it should be even more precise, and we therefore believe that it should be sufficient for essentially all future applications in the context of studies of the pole mass scheme.
To conclude we note that it is straightforward to extend Eq. (3.12) from the case of having only one massive quark q being lighter than heavy quark Q, i.e. n Q = n q +1 = n +1, to the case of having a larger number of lighter massive quarks. For example for the case that there are two massive quarks lighter than quark Q (let's say q and q , in order of decreasing mass) with n Q = n q + 1 = n q + 2 = n + 2, the generalization of the approximation formula (3.12) reads
Pole Mass Differences
Using the MSR mass we have set up a conceptual framework to systematically quantify the contributions to the pole mass of a heavy quark coming from the different momentum regions contained in the on-shell self energy diagrams. The pole mass of a heavy quark Q contains the contributions from all momenta, while the MS mass m Q (µ) and the MSR mass m MSR Q (R) contain the contributions from above the scales µ and R, respectively (see Fig. 1 ). The MSR mass is the natural extension of the MS mass, which is applied for scales µ > m Q , to scales R < m Q , and obeys a RG-evolution equation that is linear in R, called R-evolution [23, 24] . The R-evolution equation quantifies in a way free of the O(Λ QCD ) renormalon the change in the MSR mass when contributions from lower momenta are included into the mass when R is decreased, as long as R > Λ QCD .
In Sec. 3.1 we discussed the matching corrections ∆m An interesting application is the determination of the difference of the pole masses of two massive quarks. Due to heavy quark symmetry, the differences of two heavy quark pole masses are also free of O(Λ QCD ) renormalon ambiguities and can therefore be determined to high precision. The matching corrections discussed above and the R-evolution of the MSR mass allow us to systematically sum logarithms of the mass ratios that would remain unsummed in a fixed-order calculation, and to achieve more precise perturbative predictions [24] . Taking the example of the top and bottom mass one can then write the difference of the top quark pole-MS mass relation and the bottom quark pole-MS mass relation in the form
The analogous relation for the bottom and charm quarks reads
Each of the mass differences is the sum of universal matching and evolution building blocks which each can be computed to high precision, as shown in Tabs. 1, 3, 4.
The resulting relations between the top, bottom and charm quark pole masses read to the result obtained in Ref.
[36] using a fixed-order expansion at O(α 3 s ) for the mass difference. Their result was based on a linear approximation for the virtual charm quark mass effects derived in Ref. [34] which is similar to Eq. (3.13), but used a numerical calculation of the coefficient linear in r qQ from Ref. [37] . In this analysis the pole mass difference was used to eliminate the charm quark mass as a primary parameter in the predictions. They determined m 
Lighter Massive Flavor Decoupling
Another very instructive application of the RG framework to quantify and separate the contributions to the pole mass of a heavy quark coming from the different physical momentum regions is to examine the effective massive flavor decoupling at large orders. It was observed in Ref. [27] that the sum of the known O(α 2 s ) and O(α 3 s ) charm quark mass effects in the bottom quark pole-MS mass series expressed in four flavor coupling α s (m b ) (where they amount to only −2 MeV). This observation entails that one can simply neglect the charm quark mass corrections by computing the bottom quark pole-MS mass relation right from start in the three flavor theory without any charm quark (which corresponds to an infinitely heavy charm quark). This effective decoupling of lighter massive quarks is obvious and truly happening at asymptotic large orders. The importance of the observation made in Ref. [27] was that the finite charm quark mass corrections in the decoupled calculation at O(α 2 s ) and O(α 3 s ) were so tiny that there was no need to compute them explicitly in the first place. If this decoupling property would be true in general (i.e. the remaining light quark mass correction become negligible) it would represent a great simplification because it may make an explicit calculation of the lighter massive quark corrections and also the summation of the associated logarithms irrelevant.
Using the RG framework for the lighter massive flavor dependence of the pole mass we can examine systematically in which way this effective lighter massive quark decoupling property is realized. In the following we analyze this issue for (m t , m b , m c ) = (163, 4.2, 1.3) GeV. We start with the effects of the charm quark mass in the bottom pole-MS mass relation examined in Ref. [27] . Applying the same considerations as for the pole mass differences in Sec. 3.4 for this case we can write down the relation The RHS represents a computation of the charm quark mass corrections that remain within a calculation where the charm mass effects are approximated by making the charm infinitely heavy (i.e. n = 3). The individual numerical results have been taken from the highest order results in Tabs. 1, 3 and 4, and for the final numerical result we have conservatively added all uncertainties quadratically. We see that these remaining corrections are essentially zero, fully confirming the observation of Ref. [27] . This is not surprising since the bottom and charm quark masses are similar in size and the ratio m c /m b does not lead to large logarithms. So the summation of these logarithms which is contained in our computation does not make an improvement, and the agreement with Ref. [27] simply represents a computational cross check of both calculations. The scale uncertainty is larger than the one shown in Ref.
[27] because we considered variations of the renormalization scale down to µ = 0.6 m c , which were not considered by them, and because we do not attempt to eliminate the strong correlation in scale-dependence between ∆m (4) (m b , m c ) and ∆m (3) (m b , m c ) from these low scales here. Let us now investigate the case of the bottom quark mass corrections in the top quark pole-MS mass relation assuming a massless charm quark. We can simply adapt Eq. (3.27) through trivial modifications and obtain the relation We see that using the approximation of an infinitely heavy bottom quark for a calculation of the bottom mass effects in the top quark pole-MS mass relation gives a result that is about 260 MeV too small. We can now go one step further and also consider the case where the masses of both the bottom and charm quark are accounted for. Generalizing the previous two calculations to this case is straightforward and we obtain In this case using the approximation of infinitely heavy bottom and charm quarks for a calculation of the bottom and charm mass effects in the top quark pole-MS mass relation gives a result that is almost 700 MeV too small.
Our results show that the approximation of computing the lighter heavy flavor mass corrections in a theory where these heavy flavors are decoupled is an excellent approximation for the charm mass corrections in the bottom quark pole mass, but it is considerably worse for the top quark, where the discrepancy even reaches the 1 GeV level. The reason is that the decoupling limit can in general not capture the true size of the lighter quark mass effects if the hierarchy of scales is large. One should therefore not use this approximation to determine bottom or charm quark mass effects for the top quark.
The Top Quark Pole Mass Ambiguity
General Comments and Estimation Method
In this section we address the question of the best possible approximation and the ambiguity of the top quark pole mass m pole t using the RG formalism for the top mass described in the earlier sections. As a reminder and for illustration we show in s , also for massless bottom and charm quarks, are shown in gray. We have used the asymptotic form of the perturbative coefficients shown in Tab. 2 for the series coefficients beyond O(α 4 s ) 3 . We note that focusing on the approximation of massless bottom and charm quarks by itself is phenomenologically valuable because it is employed for most current predictions in the context of top quark physics, and since the analytic expressions are most transparent for this case.
The graphics illustrates visually the problematic features associated to the top quark O(Λ QCD ) pole mass renormalon, and in particular the specific properties of the series for µ ∼ m t already mentioned in Sec. 1: The minimal term of the series is obtained at order n min = 8, which according to the theory of asymptotic series is the order that provides the best possible approximation for the top quark pole mass. Furthermore, the corrections are numerically close to the eighth order correction for the orders in the range 6 to 10, i.e. ∆n ≈ 5, for which the partially summed series increases linearly with the order. According to the theory of asymptotic series it is this region of orders that is relevant for the size of the principle uncertainty of this best approximation. We also see two very important practical issues appearing already at lower orders which can make dealing with the pole mass in mass determinations difficult: First, the higher order corrections are much larger than indicated by usual renormalization scale variations of the lower order prediction and, second, the common renormalization scale variation at any given truncation order is not an appropriate tool to estimate the perturbative uncertainty. In this context it is easy to understand that specifying a concrete numerical value for the principle uncertainty of the top quark pole mass is non-trivial even if the series is known precisely to all orders. So to obtain a top quark pole mass determination with uncertainties close to the principle uncertainty within a phenomenological analysis based on a usual truncated finite order calculation may be quite difficult. As a comparison let us recall the much better perturbative behavior of a series that is free of an O(Λ QCD ) renormalon ambiguity such as the MSR mass differences ∆m (n Q ) (R, R ) of Eq. (2.16) with numerical evaluations given in Tab. 1.
Prior to this work the issue of the best possible estimate and the ambiguity of the top quark pole mass were already studied in Ref. [28] . They examined the pole-MS mass relation of Eq. (2.4) for massless bottom and charm quarks (i.e. n Q = n t = n = 5) and their analysis addressed the numerical uncertainty of the top quark pole mass accounting for all series terms displayed in Fig. 5 for µ = m t . They adopted a prescription given in Ref. [14] , which defined the top quark pole mass uncertainty as the imaginary part of the inverse Borel integral of Eq. (2.23), ∆m
Borel , divided by π, which gives about 65 MeV. Since this agrees in size with the minimal series term 4 , which arises at order α 8 s , they argued that ∆m
Borel /π (or the size of the minimal term) is a reliable quantification of the 3 The uncertainties of the normalization factors N
are about an order of magnitude smaller than the renormalization scale variation of the series beyond O(α 4 s ) and therefore not significant for our analysis. 4 In Ref. [14] the order of the minimal series term nmin and the size of the minimal term ∆(nmin) were not chosen from the set of the actual series terms but computed from the minimum of a quadratic fit to the series terms in the vicinity of the minimum, so that their nmin was a non-integer value and their ∆(nmin) value is slightly smaller than the minimal term in the series. There are neither practical nor conceptual advantages of this procedure, and the numerical results are unchanged within their errors if ∆(nmin) is taken as the minimal terms in the series.
top quark pole mass ambiguity, which they finally specified as 70 MeV. Interpreting the specification like a numerical uncertainty, this gives m pole t = 173.10 ± 0.07, which is shown in Fig. 5 as the thin gray horizontal band. The uncertainty band is about the same size as the renormalization scale variation of the series truncated at the eighth order.
We believe that quoting 70 MeV for the top quark pole mass ambiguity for massless bottom and charm quarks is too optimistic. Given (i) the overall bad behavior of the series, (ii) that there is a sizable range of orders where the corrections have very similar size and (iii) that the partially summed series increases linearly with the order in the range 6 to 10 (∆n ≈ 5), we see no compelling reason to truncate precisely at the order n min = 8 and to quote a number at the level of the scale variation of the truncated series or the size of the correction at this order as the principle uncertainty. Our view is also supported by heavy quark symmetry (HQS) [30] which states that the pole mass ambiguity is independent of the mass of the heavy quark up to power corrections of O(Λ 2 QCD /m Q ). This is the first aspect following from HQS we discussed in Sec. 1. HQS requires that the criteria and the outcome of the method used to determine the top quark pole mass ambiguity are independent of the top mass value (as long as it is sufficiently bigger than Λ QCD ). So it is straightforward to carry out a test concerning HQS by changing the value of m t while keeping µ/m t = 1 and checking whether the approach to estimate the ambiguity provides stable results.
Concerning Ref. [28] this check is best carried out in the five-flavor scheme for the strong coupling, and we therefore evaluate the size of the minimal term in the series for m . This behavior is roughly described by the approximate formula ∆(n min ) ≈ (4πα
QCD , already mentioned in Sec. 1 and shows that the basic dependence on µ is logarithmic. We can even render the minimal term arbitrarily small if we adopt for m t values much larger than 163 GeV. We see that ∆m
Borel /π, which is independent of the top mass value and therefore proportional to the ambiguity, agrees with the size of the minimal term only for µ ∼ 163 GeV, but disagrees for other choices. So the line of reasoning used for the analysis of the top quark pole mass ambiguity in Ref. [28] is not independent of the top quark mass value, and one has to conclude that the ambiguity must be larger than ∆m
Borel /π and certainly larger than 130 MeV, which is the size of the minimal term for a very small value of m t . Concerning the quoted numbers, we emphasize that we still discuss the case of massless bottom and charm quarks. From the relation ∆n × ∆(n min ) ∝ π 2 Λ (n ) QCD /β 0 ∝ ∆m Borel we see in particular that a reliable method consistent with HQS has to explicitly account for the range n min ± ∆n/2 in orders for which the terms in the series have values close to ∆(n min ). We stress that the latter issue is not at all new and has been known since the work of Refs. [12, 13] . It was also argued in [28] that their approach to estimate the size of the top quark pole mass ambiguity is consistent concerning that issue. However, their approach did not account for the actual size of ∆n, which is about 5 for the case discussed in [28] and also shown in Fig. 5 .
In the following subsections we apply a method to determine the best possible estimate and the ambiguity of the top quark pole mass which explicitly accounts for the range n min ± ∆n/2 in orders where the ∆(n) are very close to ∆(n min ). It also accounts for the practical problems in an order-by-order determination of the pole mass from a series containing the O(Λ QCD ) renormalon which we discussed above in the context of Fig. 5 . To describe the method we define, for a given series to calculate the top quark pole mass,
where m pole t (n) is the partial sum at O(α n s ) of the series for the top quark pole mass that contains the O(Λ QCD ) pole mass renormalon, and thus ∆(n) is the n-th order correction. The method we use is as follows:
1. We determine the minimal term ∆(n min ) and the set of orders {n} f ≡ {n : ∆(n) ≤ f ∆(n min )} in the series for a default renormalization scale, where f is a number larger but close to unity.
2. We use half of the range of values covered by m pole t (n) with n ∈ {n} f evaluated for this setup and include renormalization scale variation in a given range as an estimate for the ambiguity of the top quark mass. We use the midpoint of the covered range as the central value.
While n min , ∆(n min ) and ∆n each can vary substantially depending on which setup one uses to determine m pole t , the method provides results that are setup-independent and is therefore consistent with HQS. Through the RG formalism we developed in the previous sections we can explicitly implement the other important requirement of HQS, namely that the ambiguities of the pole masses of all heavy quarks agree. To do this we apply our method for three different scenarios which differ on whether the bottom and charm quarks are treated as massive or massless and we furthermore study the pole-MSR mass difference for different values of R.
Massless Bottom and Charm Quarks
For the case that the bottom and charm quarks are treated as massless we can calculate the top quark pole mass from the top MSR mass m MSR t (R) at different scales R ≤ m t . Using the MS-MSR mass matching contribution ∆m (6→5) t (m t ) of Eq. (3.2) and R-evolution from the scale m t to R of Eq. (2.16) with n t = 5 active dynamical flavors one can write the top quark pole mass as
where the sum of the second and third term on the RHS is just m MSR t (R) − m t . The terms ∆m (6→5) t (m t ) and ∆m (5) (m t , R) are free of an O(Λ QCD ) renormalon ambiguity and can be evaluated to the highest order given in Tabs. 1 and 3. We can then determine the best estimate of the top quark pole mass and its O(Λ QCD ) renormalon ambiguity from the R-dependent series which is just equal to m for the different R values are fully compatible to each other. In particular, the ambiguity estimates based on our method agree within ±15% and average to 182 MeV. Furthermore, the central values for the best estimates vary by at most 110 MeV and average to 173.150 GeV. It is reassuring that the spread of the central values is smaller than the size of the ambiguity. We emphasize that the consistency of our results for the different R values to each other cannot be interpreted in any way statistically since the analyses for different R values are not theoretically independent. The agreement just shows that our method is consistent since the best estimate (and also the ambiguity) of the top quark pole mass is independent of R. Interestingly our estimate for the ambiguity of the top quark pole mass agrees quite well with Λ (n =5) QCD = 166 MeV given in Eq. (2.24). As already pointed out in Sec. 4.1, the minimal correction ∆(n min ) increases from around 60 MeV for R = 163 GeV to about 100 MeV 5 for R = 1.3 GeV. At the same time, the order n min where the minimal correction ∆(n min ) arises decreases from n min = 8 at R = m t down to n min = 4 and 3 for R = 4.2 and 1.3 GeV. Moreover, the contribution in the best estimate for m pole t from orders beyond n = 4 until order n min decreases from about 310 MeV at R = m t to about 150 MeV at R = 20 GeV. For R scales around the bottom quark mass and below, where n min ≤ 4, there is no need any more to extrapolate beyond the explicitly calculated four orders to get the best value for m pole t . This information is not just of academic importance but it is also relevant for phenomenology: The MSR mass m MSR t (R) for some low scale R can serve as a low-scale short-distance mass for a physical application where the characteristic physical scale is R. Typical examples include the top pair inclusive cross section at the production threshold where R ∼ m t α s ∼ 25 GeV [25] , or the reconstructed invariant top quark mass distribution where R is in the range of 5 to 10 GeV [22, 40, 41] . The behavior of the series for m pole t −m MSR t (R) thus reflects the typical behavior of the QCD corrections to the mass for the respective physical applications. The observations we make for the R-dependence of the behavior of the series show that the best possible determination of the top quark mass from an observable characterized by a low characteristic physical scale can in general be achieved at a lower order and also involves smaller perturbative corrections compared to an observable characterized by high characteristic physical scales (such as inclusive top pair cross sections at high energies or virtual top quark effects). This general property is also reflected visually in the graphical illustrations shown in Fig. 6 .
We note that our numerical analysis has a rather weak overall dependence on the choice of f and that the results change by construction in a non-continuous way. Using f = 4/3 only the outcome for R = 20 GeV is modified to m Comparing our results to those of Ref. [28] , we find that our estimate of the top quark pole mass ambiguity of 180 MeV exceeds theirs of 70 MeV by a factor of 2.5. The discrepancy arises since their result was only related to the size of the minimal term ∆(n min ) for an R value close to 163 GeV and did not account for the number of orders ∆n for which the ∆(n) are close to the minimal term ∆(n min ). For R = 163 GeV we have ∆n = 4 for f = 5/4 and we see the discrepancy is roughly compatible with ∆n/2. Since for other choices of R the values of ∆(n min ) and ∆n vary individually substantially (while their product is stable) we believe that a specification of the top quark pole mass ambiguity of 70 MeV is not consistent with heavy quark symmetry.
Massless Charm Quark
For the case of a massive bottom quark and treating the charm quark as massless we can calculate the top quark pole mass from the bottom MSR mass m MSR b (R ≤ m b ) using the top-bottom mass matching contribution δm The resulting expression for the top quark pole mass systematically sums all logarithms log(m b /m t ) and uses that the bottom quark pole-MSR mass relation, which specifies the bottom quark pole mass ambiguity, fully encodes the top quark pole mass ambiguity due to heavy quark symmetry. The expression for the top quark pole mass we use reads 0 ). Furthermore, we find that the central values for the top quark pole mass cover a range that is within errors in agreement with the two previous analyses. The range is, however, shifted slightly upwards by about 70 MeV with respect to the case of massless bottom and charm quarks. For the value of the average we have 173.186 GeV which is about 40 MeV higher than the average 173.150 GeV we obtained for massless bottom and charm quarks. This shift may represent a slight trend, but it is overall insignificant compared to the range of values covered by the central values or the size of the ambiguity. This shows that the charm quark mass, like the bottom quark mass, does not affect the value of the top quark pole mass. We can compare to the result of Ref. [28] , where they found that the finite bottom and charm quark masses increase the top quark pole mass by 80 ± 30 MeV, where the 30 is their estimate for the uncertainty in their computation of the bottom and charm mass effects. This is consistent with the dependence on the bottom and charm masses we find in our analysis. Their prescription was based on a successive order-dependent reduction of the effective flavor number in the series motivated by the decoupling property observed in Ref. [27] . It incorporated some basic features of the bottom and charm mass corrections beyond the third order but is otherwise heuristic and does not systematically sum logarithms of m b /m t and m c /m t . The consistency shows that concerning the estimate of the top quark pole mass ambiguity and within errors their prescription provides an adequate approximation.
Overall Assessment for the Pole Mass Ambiguity
The overall outcome of the analyses above concerning the best possible estimates (and the ambiguities) of the top quark pole mass and the pole masses of the bottom and charm quarks is summarized as follows:
1. Heavy quark symmetry states that the ambiguity of a heavy quark pole mass is independent of the mass of the heavy quark and that the ambiguities of the pole masses of all heavy quarks are equivalent. Our method for estimating the ambiguity is insensible to the masses of the heavy quarks and, within any given setup for the heavy quark mass spectrum, obtains the same ambiguities for all heavy quark pole masses. It is therefore fully consistent with heavy quark symmetry.
2. Our examinations for different setups for the spectrum of the masses of the bottom and charm quarks show that the top quark pole mass ambiguity increases when the number n of massless quarks is decreased (which arises when the number of lighter massive quarks is increased). The numerical size we find agrees very well with Λ (n ) QCD defined in Eqs. (2.24) . So our studies show that the well-accepted statement that "heavy quark pole masses have an ambiguity of order Λ QCD " can be specified to the more precise statement that "the ambiguity of the heavy quark pole masses is Λ
QCD , where n is the number of massless quarks".
3. Considering the value of the top quark pole mass (and not its ambiguity) we find essentially no dependence on whether the bottom and charm quarks are treated massive or massless. This also implies that there is no dependence on actual values of the bottom and charm quark masses (which are know to a precision of a few 10 MeV in the MS scheme). Likewise we also find that the value of the bottom quark pole mass has no dependence on whether the charm quark is treated massive or massless. These observations are important because, although the pole mass concept depends, due to the linear sensitivity to small momenta, intrinsically on the spectrum of the lighter massive quarks, they imply that one can give the top and the bottom quark pole masses a unique global meaning irrespective which approximation is used for the bottom and charm masses. In such a global context, however, one has to assign the largest value for Λ QCD as the ambiguity of the pole mass. This value is obtained for finite bottom and charm quark masses and amounts to 250 MeV which we adopt as our final specification of the top quark pole mass ambiguity.
Conclusions
In this work we have provided a systematic study of the mass effects of virtual massive quark loops in the relation between the pole mass m pole Q and short-distance masses such as the MS mass m Q (µ) and the MSR mass m MSR Q (R) [23, 24] of a heavy quark Q, where we mean virtual loop insertions of quarks q with Λ QCD < m q < m Q . In this context it is well-known that the virtual loops of a massive quark act as an infrared cut-off on the virtuality of the gluon exchange that eliminates the effects of that quark from the large order asymptotic behavior of the series. This effect arises from the O(Λ QCD ) renormalon contained in the pole mass which means that the QCD corrections have a linear sensitivity of small momenta that increases with the order in the perturbative expansion. The primary aim of this work was to study this effect in detail at the qualitative and quantitative level. We established a renormalization group formalism that allows to discuss the mass effects coming from virtual quark loops in the on-shell self energy diagrams of heavy quarks in a coherent and systematic fashion. We in particular examined (i) how the logarithms of mass ratios that arise in this multi-scale problem can be systematically summed to all orders, (ii) the large order asymptotic behavior and structure of the mass corrections themselves and (iii) the consequences of heavy quark symmetry (HQS).
The basis of our formalism is that the difference of the pole mass and a short-distance mass contains the QCD corrections from all momentum scales between zero and the scale at which the short-distance mass is defined, which is µ for the MS mass m Q (µ) or R for the MSR mass m MSR Q (R). The MSR mass m MSR Q (R), which is derived from self energy diagrams like the MS mass, is particularly suited to describe the scale-dependence for momentum scales R < m Q since its renormalization group (RG) evolution is linear in R, called Revolution [23, 24] . When the finite masses of lighter heavy quarks are accounted for, the MSR mass concept allows to establish a RG evolution and matching procedure where the number of active dynamical flavors governing the evolution changes when the evolution crosses a mass threshold and where threshold corrections arise when a massive flavor is integrated out. This follows entirely the common approach of logarithmic RG equations as known from the n f flavor dependent µ-evolution of the strong coupling α (n f ) s (µ) and reflects the properties of HQS.
Due to heavy quark symmetry, the procedure allows for example to relate the QCD corrections in the top quark pole-MS mass difference m pole t − m t (m t ) that are coming from scales smaller than the bottom mass, to the bottom quark pole-MS mass difference m pole b −m b (m b ). This relation can be used to generically study and determine the large order asymptotic behavior and the structure of the lighter virtual quark mass corrections in the pole-MS mass difference of a heavy quark Q. Within the RG framework we have proposed, we find that the bulk of the lighter virtual quark mass corrections is determined by their large order asymptotic behavior already at O(α 3 s ) (very much like the QCD corrections for massless virtual quarks), which confirms earlier observations made in Refs. [33, 34] and [27] . Using our RG framework and heavy quark symmetry we used this property to predict the previously unknown O(α 4 s ) lighter virtual quark mass corrections to within a few percent from the available information on the O(α 4 s ) corrections for massless lighter quarks without an additional loop computation, see Eq. (3.14). Furthermore we calculated the differences of the top, bottom and charm quark pole masses with a precision of around 20 MeV, and we analyzed in detail the quality of the coupling approximation of Ref. [27] , which works in an excellent way for the charm mass effects in the bottom quark pole mass, where in the context of the top quark, it fails.
The second aim of the paper was to use the formalism to determine a concrete numerical specification of the ambiguities of the heavy quark pole masses and in particular of the top quark pole mass. This is of interest because the top quark pole mass is still the most frequently used mass scheme in higher order theoretical predictions for the LHC top physics analyses. The ambiguity of the pole mass is the precision with which the pole mass can be determined in principle given that the complete series is known. This ambiguity is universal (i.e. it exists in equivalent size in any context and cannot be circumvented) and its size can therefore be quantified from the relation of the pole mass and any short-distance mass alone for which all terms in the series can be determined to high precision. With the renormalization group formalism we have proposed we carried out an analysis accounting explicitly for the constraints coming from HQS. HQS states (i) that the ambiguity of a heavy quark is independent of its mass, and (ii) that the QCD effects in the heavy quark masses coming from momenta below the lightest massive quark are all equivalent, which implies that the ambiguities of all heavy quarks are equal.
With our formalism both aspects were incorporated and validated in detail at the qualitative and quantitative level. We considered different scenarios for the treatment of the bottom and charm quark masses and employed a method to estimate the ambiguity that does not depend on the mass of the heavy quark in a way that is consistent with heavy quark symmetry. For the case of massless bottom and charm quarks we found that the ambiguity of the top quark pole mass is 180 MeV, when the charm quark is massless we found 215 MeV and when the finite masses of both the bottom and charm quarks are accounted for we obtained 250 MeV. Numerically, the ambiguity turns out be essentially equal to the hadronization scale Λ (n ) QCD , defined in Eq. (2.24), where n is the number of massless quarks. Thus, our analysis allows to specify the well-known qualitative statement "the heavy quark pole masses have an ambiguity of order Λ QCD " to the more specific statement "the ambiguity of heavy quark pole masses is Λ (n ) QCD , where n is the number of massless quarks". This dependence of the top quark pole mass ambiguity on the number of massless flavors is fully consistent with the behavior expected from the pole mass renormalon. Furthermore, we have found that there is no significant dependence of the central value of the top quark pole mass on whether the bottom and charm quarks are treated as massive or massless.
Our results for the ambiguities differ considerably from those of Ref. [28] . They estimated the top quark pole mass ambiguity as 70 MeV for the case that bottom and charm masses are neglected and as 110 MeV when the bottom and charm masses are accounted for. We have shown in detail in which ways these values are incompatible with heavy quark symmetry and why our ambiguity estimates should be considered more reliable.
If one considers the top quark pole mass as a globally defined mass scheme valid for all choices of approximations for the bottom and charm quark masses, one should assign it an intrinsic principle ambiguity due to the O(Λ QCD ) renormalon of 250 MeV. We stress, that this intrinsic uncertainty refers to the best possible precision with which one can in principle theoretically determine the top quark pole mass, and does not account in any way for issues unrelated to the pole mass renormalon in applications for actual phenomenological quantities, which typically involve NLO, NNLO or even NNNLO corrections from perturbative QCD. Furthermore, in order to achieve this theoretical precision it is required to have access to orders where the corrections (in the relation involving the pole mass) become minimal. The order where this happens in an actual phenomenological analysis also depends on the typical physical scale (i.e. the value of R) governing the examined quantity. If the top quark mass is determined from a quantity which has a low characteristic physical scale (e.g. top pair production close to threshold, kinematic endpoints, reconstructed top invariant mass distributions) then the minimal term is reached at very low orders, which may well be within the orders that can be calculated explicitly. If the top quark mass is determined from a quantity which has a high characteristic scale of the order or the top quark mass (e.g. total inclusive cross sections at high energies, virtual top quark effects) then the minimal term is reached only at high orders, which are not accessible to full perturbative computations. This also explains why top mass sensitive observables involving low characteristic physical scales are more sensitive for top quark mass determinations than observables involving high characteristic physical scales. So reaching the uncertainties in top quark pole mass determinations that come close to the ambiguity limit is in general much harder for observables governed by high physical scales.
Currently, the most precise measurements of the top quark mass from the D0 and CDF experiments at the Tevatron [42, 43] and the ATLAS and CMS collaborations at the LHC [44, 45] use the top reconstruction method and already reach the level of 500 to 700 MeV. Projections for LHC Run-2 further indicate that this uncertainty can be reduced significantly in the future and may reach the level of 200 MeV for the high-luminosity LHC run [46] . The outcome of our analysis disfavors the top quark pole mass as a practically adequate mass parameter in the theoretical interpretation of these measurements.
As a final comment we would like to remind the reader that all tricky issues concerning the convergence of the perturbative series and the way how to properly estimate the ambiguity of top quark pole mass become irrelevant if one employs an adequate short-distance mass definition. This may of course not mean in general that switching to a short-distance mass scheme will automatically lead to smaller uncertainties simply because other unresolved issues may then dominate. The outcome of our analysis, however, implies that even reaching a 250 MeV uncertainty for the top quark pole mass in a reliable way within a practical application is difficult. This is because the O(Λ QCD ) renormalon prevents using common ways such as scale variation for the truncated series to estimate theoretical uncertainties, and can affect the behavior of the series already at low orders where the corrections still decrease. It is therefore advantageous to abandon the pole mass scheme in favor of an adequately chosen short-distance mass at latest when the available QCD corrections for a mass sensitive quantity yield perturbative uncertainties in the pole mass that become of the order of its ambiguity, which we believe is when they approach 0.5 GeV.
